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ABSTRACT
Cellular automata with clustering allow changes in cell size during
their time evolution. We investigate ant sorting applications when
implemented with standard cellular automata, versus an implementation where clustering is allowed. We demonstrate that clustering
improves the efficiency of Lumer-Faieta ant sorting, based on standard distance measures, but at the cost of constrained sorting forms.
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1

INTRODUCTION

Cellular automata (CA) with clustering (CCA) was introduced by
Smal [11], in an optimisation application for automatic layout. A
CCA is a CA which is allowed to change its individual cell sizes
during time evolutions. Thus, single cells may combine into a largersized cluster where all the cells have the same value. In practical
applications, this allows for a hybrid implementation of the CA,
where operations are performed on a whole cluster, instead of on
each single cell. In a serial implementation of CA, the effect of CCA
is that significantly fewer generations may be needed to get to a
desired result [1, 11]. Arguably, this is also a more true model in
many models of bacterial growth, which mimics this behaviour (see
Figure 1).
In this work, the practical effects of clustering on ant sorting algorithms are considered. In particular, the standard Lumer-Faieta ant
sorting algorithm [7] is investigated when implemented with CCA.
It is shown that clustering allows the sorting to take place more
quickly, but the sorted clusters form rigid, non-natural forms when
compared to implementations based on CA without clustering.
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Figure 1: An electron microscope image of a microbial community, taken from [8].

Section 2 provides the necessary background to CA, CCA and
ant sorting. Some implementation issues are described shortly in
Section 3, followed by a discussion on the experiments and the
results in Section 4.

2

BACKGROUND

It is assumed that the reader is familiar with CA, as for example
in [2, 6, 9, 12]. However, to establish notation and terminology, a
brief overview of the relevant definitions and theory is given below.
A CA is a multidimensional array of automata; in this work, only
the two-dimensional case is considered, as that is the domain of
ant sorting. Each element of the two-dimensional grid of the CA is
called a cell. Each cell can be in any number of states. For example,
in ant sorting, cells are often coloured with a collection of colours
(see Figure 3). Cells may change their state based on a transition
rule, which is applied simultaneously to all cells on the grid, for
each discrete time step. The transition rule describes the conditions
for cell changes based on the states of the neighbouring cells of
the cell c i j under consideration. The collection of neighbouring
cells (called the neighbourhood) has distance r = 1 if each of the
neighbours is geometrically adjacent to cell c i j . In the CA model,
adjacency is formally defined as:
Definition 1. Let C be a two-dimensional CA of size N × P. Let
0 ≤ i, k < N and 0 ≤ j, m < P. Two cells c i j and c km in C are
adjacent if |i − k | + |j − m| = 1.
The most commonly used neighbourhoods in CA models are
the Von Neuman and the Moore neighbourhoods, where the Von
Neumann neighbourhood Ncri j of cell c i j is the set of cells arranged

SAICSIT’18, September 2018, Port Elizabeth, South Africa

Adams, R. et al

in a diamond pattern around c i j :
Ncri j

• A cell c i j is left adjacent to another cell c km if i − k = 0 and
j − m = −1. A cluster A is left adjacent to another cluster B if
any cell c i j ∈ A is left adjacent to some cell c km ∈ B.
• A cell c i j is top adjacent to another cell c km if i − k = −1 and
j − m = 0. A cluster A is top adjacent to another cluster B if
any cell c i j ∈ A is top adjacent to some cell c km ∈ B.
• A cell c i j is bottom adjacent to another cell c km if i − k = 1
and j − m = 0. A cluster A is bottom adjacent to another
cluster B if any cell c i j ∈ A is bottom adjacent to some cell
c km ∈ B.
• A cell c i j is corner adjacent to another cell c km if both |i −
k | = 1 and |j − m| = 1. A cluster A is corner adjacent to
another cluster B if any cell c i j ∈ A is corner adjacent to any
cell c km ∈ B. Also, a cluster A is strictly corner adjacent to
another cluster B if any cell c i j ∈ A is corner adjacent to any
cell c km ∈ B and A is not properly adjacent to B.

= {c xy : |i − x | + |j − y| ≤ r } .

On the other hand, the Moore neighbourhood is the square of
cells surrounding c i j :
Ncri j = {c xy : |i − x | ≤ r, |j − y| ≤ r } .
In CCA, it is necessary to explicitly define the idea of a cluster,
the adjency of clusters, and neighbourhoods, as these concepts
differ from the standard CA case.

2.1

Cellular automata with clustering

Intuitively, a cluster of cells represents a group of cells that are
geometrically grouped together. In a model, all the cells in a cluster
will contain the same value or status information. Since groups
of cells may have many different geometrical forms, the so-called
proper adjacency of cells is defined, which will enable the formal
definition of a cluster. Proper adjacency means that two given
cells in a two-dimensional grid share a common border, as per the
definition of adjencency in Def. 1.
Any two properly adjacent cells c i j and c km are also said to be
properly connected. The concept of proper connection can then be
used to define connectedness in a set of cells. Informally, a set of
cells is properly connected if a connected undirected graph can be
constructed with the cells as nodes, and an edge between any two
properly adjacent cells.

Given these different types of adjacency for cells and clusters, it
is possible to define neighbourhoods for clusters. Informally, every
cell c on the border of A is considered, and if there is a cluster with
a cell c ′ that is in the Von Neumann neighbourhood of c, then the
cluster containing c ′ is in the Von Neumann neighbourhood of A.
Hence, the Von Neumann neighbourhood of a cluster A is defined
as all the clusters B such that B has at least one cell c i j with the
property |i − a| + |j − b| ≤ r and c ab ∈ A is properly adjacent to at
least one cell not in A:
N Ar ={B : ∃c i j ∈ B such that |i − a| + |j − b | ≤ r and

Definition 2. Any set of cells A = {c 00 . . . c n−1,n−1 } is properly
connected if there exists a path c is → ... → c jt between any two cells
c is and c jt in A, where c xy → cuv if and only if c xy and cuv are
properly connected.
A cluster can now be defined as a set of properly connected cells:
Definition 3. Let C be a two-dimensional CA. A cluster B in C
is a set of cells from C such that the set of cells is properly connected.

∃ c km < A and c ab ∈ A such that
|a − k | = 1 and |b − m| = 0 or
|a − k | = 0 and |b − m| = 1}.
Similarly, for the Moore neighbourhood of a cluster, one has:
N Ar ={B : ∃c i j ∈ B such that |i − a| ≤ r and |j − b | ≤ r , and
∃ c km < A and c ab ∈ A such that
|a − k | = 1 and |b − m| = 0 or

Since clusters are sets of cells, it may be necessary to know
whether two clusters are disjoint:
Definition 4. Let C be a two-dimensional CA of size N × P. Let
0 ≤ i < N and 0 ≤ j < P. Two clusters A and B in C are disjoint if
there is no cell ai j in A such that ai j is also in B.
In the rest of the paper, it is assumed that clusters are disjoint
unless stated otherwise.
Since clusters can have different shapes and sizes, the neighbourhood of a cluster has to be defined. This requires the definition
of (proper) adjacency, including top, bottom, left, right and corner
adjacency.
Definition 5. Two clusters A and B are properly adjacent if there
exists at least one cell ai j in A and at least one cell bkm in B such that
ai j is properly adjacent to bkm .
Definition 6. Let C be a two-dimensional CA. Let 0 ≤ i, k < N
and 0 ≤ j, m < P, and let A and B be clusters in C.
• A cell c i j is right adjacent to another cell c km if i − k = 0 and
j − m = 1. A cluster A is right adjacent to another cluster B if
any cell c i j ∈ A is right adjacent to some cell c km ∈ B.

|a − k | = 0 and |b − m| = 1}.
In keeping with the known definitions of neighbourhoods, the
definitions of a Von Neumann and a Moore neighbouhood are
adjusted to neighbourhoods of clusters. The Von Neumann neighbourhood of a cluster is defined as a collection of clusters adjacent
to a cluster A.
Definition 7. In a two-dimensional CA of size N ×P, two clusters
A and B are adjacent if there exists at least one cell ai j in A and at least
one cell bkm in B such that ai j is adjacent to bkm , with 0 ≤ i, k < N
and 0 ≤ j, m < P.
Note that the Von Neumann neighbourhood of a cluster may
not necessarily have four elements, as in the CA case (see Figure 2).
The number of Von Neumann neighbours may vary between different clusters and a single cluster may have a different number of
neighbours in different time steps.

2.2

The Lumer and Faieta CA model

Lumer and Faieta [7] originally suggested a CA model to mimic
ant sorting. In this model, the grid is initialised with a number of
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Figure 2: Von Neumann neighbourhood for cluster
{c 12 , c 13 , c 21 , c 22 }.

Figure 3: An initial CA grid with unsorted colours (left), and
the same grid after 100,000 time steps (right).

objects (represented by colours). Ants are then randomly placed
on the grid, and each ant moves in a random direction during each
time step. When an ant moves onto a cell containing a coloured
object, it may decide to pick up that object. If an ant carrying an
object enters an empty cell adjacent to a cell containing the same
coloured object, it may drop the object it is carrying. Whether an
ant picks up or drops an object, is governed by a probability based
on the state of the other objects in the Moore neighbourhood of
the object.
Figure 3 shows such an ant sorting CA scenario. Here, each cell
can have one of five colours, namely, red, magenta, green, blue, or
yellow. Black is used to indicate an empty cell. Gradually, the ants
sort the colours into groups.
Suppose an unladen ant (not carrying an object) is in a cell r that
contains an object oi . The ant picks up the object based on the local
density function f (oi ) of the object. Intuitively the local density
is the number of objects with similar attributes to oi , as compared
to objects with different attributes in the Moore neighbourhood
of r . The local density function f (oi ) is used to calculate the local
density of a cell containing an object oi . The function f (oi ) is given
below in Equation 3, together with a more detailed discussion.
When an unladen ant encounters a cell containing an object oi ,
the probability to pick up this object, ppickup , needs to be calculated.
The probability of picking up oi is defined by Equation 1. The
probability is higher when the number of similar neighbours in the
Moore neighbourhood of the cell is small and lower when more
similar neighbours can be found:
!2
k1
ppickup =
.
(1)
k 1 + f (oi )
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In Equation 1, k 1 is a constant value and f (oi ) denotes the local
density function. Lumer and Faieta do not specify a value for k 1 ,
but a constant value of 0.1 is used in the experiments by [3]. When
f (oi ) ≪ k 1 , then ppickup is close to 1 and when f (oi ) ≫ k 1 ,
ppickup is close to 0.
When an ant carrying an object lands on a cell r that is empty,
the probability to drop the object, pdr op , must be calculated. In the
same way as the pick up probability, this probability is higher when
more similar neighbours are found in the Moore neighbourhood
of the cell and lower when fewer similar neighbours can be found.
This is defined by Equation 2:
(
2f (oi )
if f (oi ) < k 2
pdr op =
.
(2)
1
otherwise
In Equation 2, k 2 is a constant value. Again, Lumer and Faieta
does not specify a value for k 2 , but a constant value of 0.15 is
used in [3]. When f (oi ) < k 2 , then pdr op is close to 0 and when
f (oi ) > k 2 , pdr op = 1. An ant located at a cell r at position (a, b)
can perceive a region of size s 2 (the Moore neighbourhood of r
including r ). If one assumes that the ant is located at cell r at time
step t and finds an object oi or is currently carrying an object oi ,
then the local density can be calculated using Equation 3:
#

X "
 1
d (oi , o j ) 


.
f (oi ) = max 
0,
1
−
(3)
2


α
 s

o j ∈N (a,b )


In this equation s 2 is the normalizing term and it introduces a
density dependency in the density function f (oi ). The sum includes
all the objects in the neighbourhood of r and adds up all their similarity measures with object oi . Each similarity measure is calculated
by subtracting the dissimilarity measure, d (oi , o j ), between an object o j and oi , from 1, which is the value for maximum dissimilarity.
The scaling factor α defines the scale for dissimilarity. It determines
when two objects should be located next to each other. If α is too
large, objects which do not belong in the same cluster would be
placed together. On the other hand, if α is too small, objects with a
relatively similar attribute space cannot be clustered together. Also
if the value chosen for α is too small, f (oi ) may become negative.
The behaviour of f (oi ) can be examined by considering the
extreme cases. If all s 2 − 1 cells around r are occupied by objects
similar to oi (that is, ∀o j ∈ Neigh (s×s )−1 (r ) with d (oi , o j ) = 0), then
f (oi ) = 1 and the pick up probability will be low. Assuming that α
is chosen in such a way that dissimilarity between objects can be
clearly measured, then when all s 2 − 1 cells around r contain objects
that are maximally dissimilar to oi (that is, ∀o j ∈ Neigh (s×s )−1 (r )
with d (oi , o j ) = dmax ), f (oi ) would be small and ppickup resultantly high. For example, if all s 2 − 1 cells around r are empty, then
f (oi ) = 0 and ppickup = 1.

3

IMPLEMENTATION

The implementation of the Lumer and Faieta (LF) model for clustering influences the results obtained for the eventual sorted result,
and the main points are highlighted below.

3.1

Modifying the LF-model for clustering

The modifications to the LF-model are minimal, and only concerns the clustering. In this modified LF-model, similar objects
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Algorithm 1: The Lumer-Faieta algorithm for ant sorting.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

24
25

for every object oi do
place oi randomly on grid;
end for
for all ants do
place ants at randomly selected site;
end for
for t = 1 to tmax do
for all ants do
if (ant unladen) and (site occupied by object oi ) then
compute f (oi ) and ppickup (oi );
select random real number R between 0 and 1;
if R ≤ ppickup (oi ) then
pick up object oi ;
end if
end if
else if (ant carrying object oi ) and (site empty) then
compute f (oi ) and pdr op (oi );
select random real number R between 0 and 1;
if R ≤ pdr op (oi ) then
drop object oi ;
end if
end if
move to randomly selected neighboring unoccupied
site if available, else do nothing;
end for
end for
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Algorithm 2: The modified Lumer-Faieta algorithm for clustering.
1
2
3
4
5
6
7
8
9
10

11
12
13
14
15
16
17
18
19
20
21
22
23
24

25
26

are grouped together to form clusters on the grid. A cluster is
defined to be a group of similar objects, where the set of objects
is properly connected. The similarity of objects is defined by the
distance d (oi , o j ) as described before.
Instead of allowing ants to only pick up single objects on the
grid, ants can now pick up clusters of objects. Each ant can carry
at most one cluster, regardless of the size or shape of the cluster.
The clusters are dropped near clusters with a similar attribute, potentially forming a new larger cluster. The reader may note that
CCA also allows the opposite of clustering, namely, splitting [11].
It would be possible to incorporate into our implementation also
a splitting action, when clusters become too large. It is not immediately clear that this would be advantageous or lead to different
forms, unless the splitting results in pre-defined forms. Also note
that in this work we define similarity simplistically to be the exact
same colour. However, it is trivial to adapt the algorithms for a
different similarity measure. The modified algorithm (Algorithm 2)
is given below. Note that, for initialization purposes, the clusters
on the grid are calculated after objects have been randomly placed
on the grid (see line 7). Also, an object is allocated to a cluster if it
has attributes similar to the attributes of this cluster and it is in the
Von Neumann neighbourhood of at least one of the objects in the
cluster. Clusters are homogeneous and the attributes of a cluster is
the same as the attributes of the objects in it.

for every object oi do
place oi randomly on grid;
end for
for all ants do
place ants at randomly selected site;
end for
calculate clusters;
for t = 1 to tmax do
for all ants do
if (ant unladen) and (site occupied by object oi in cluster
c j ) then
compute f (oi ) and ppickup (oi );
select random real number R between 0 and 1;
if R ≤ ppickup (o j ) then
pick up cluster c j ;
end if
end if
else if (ant carrying cluster c j ) and (site empty) then
compute f (oi ) and pdr op (o j );
select random real number R between 0 and 1;
if R ≤ pdr op (o j ) then
drop cluster c j ;
end if
end if
move to randomly selected neighboring unoccupied
site if available, else do nothing;
end for
end for

The ants perform a random walk on the grid to find a cluster of
similar objects. If an ant is unladen (carries no cluster), it picks up
a cluster with the calculated probability; else, it drops the cluster
with the calculated drop probability.
Note that the calculations for pick up and drop probabilities
used in Equations 1 and 2 do not take any clustering information
into consideration. Our initial implementation uses these equations
directly to calculate the pick up and drop probabilities, based on
cells and not clusters. Possible variations of the equations include
variations which are based on clusters and not only single cells. For
example, the size of a cluster may be used to refine the pick up or
drop probabilities. These variations are to be considered for future
work.
In the modified LF-algorithm, objects are randomly placed on
an empty grid. These objects are grouped into clusters according
to their location and similarity. Ants are then allowed to randomly
move on the grid, picking up or dropping clusters depending on
the density of objects located in the neighbourhood. If a cluster is
dropped in the neighbourhood of similar clusters then these clusters
are merged to form a new, larger cluster.
Each cluster is assigned a unique identifying value and stored
using a map data type [5]. Each cell on the grid stores a value
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that indicates to which cluster it currently belongs, if any. These
values on the grid ensure that an ant can easily pick up an entire
cluster by using the reference value stored in the cell to access the
map containing the cluster. Dropping a cluster is, however, not so
straightforward.

3.2

Dropping clusters

When an ant has to drop a cluster, there are a number of different
questions that may arise. Firstly, is the shape of the cluster important and should it be preserved? If so, then a suitable space would
have to be found into which this cluster can fit. This is complicated
by the fact that a cluster can be any size or shape and there is no
way to predict this shape at any given time. For the current implementation, the shape of the cluster was ignored when dropping it,
and only the size of the cluster to be dropped was preserved. Note
that a cluster is dropped cell by cell, for each of the cells in the
cluster.
The only constraint put on the dropping of a cluster is that
each object in the cluster should be dropped in a cell that is in the
neighbourhood of similar objects. When adding this constraint,
there are still a number of ways in which a cluster can be dropped.
Three possible methods are described below.
3.2.1 The Von Neumann drop method. The first two drop methods, namely the Von Neumann and Moore drop methods, use the
same basic algorithm, which is shown in Algorithm 3. For each
object in the cluster, a suitable position should be found before
it can be dropped. If there is no suitable position, the ant simply
moves on with the remainder of the cluster to find space elsewhere
on the grid1 .
Algorithm 3: Basic drop method.
1
2
3
4
5

p ← find suitable neighbour position;
while p , null and c i not empty do
drop object at p;
p ← find suitable neighbour position;
end while

The Von Neumann method finds a suitable position by considering the empty cells in the Von Neumann neighbourhood of the
current position p. In Algorithm 4 the empty cell with the highest
object density is chosen as the next suitable position to drop an
object from the cluster carried by an ant.
3.2.2 The Moore drop method. The Moore drop method is similar to the Von Neumann drop method, with the only difference
being that the Moore neighbourhood of the current position p is
considered. The empty cell with the highest object density is chosen
as the next suitable position to drop an object from the cluster.
As an aside, note that both the Von Neumann and the Moore drop
methods tend to form rectangularly shaped clusters (see Figure 4).
This situation occurs as a result of the way each drop position for
an object is determined. When calculating the position of the new
1 In

effect, this means that existing clusters can be split into multiple smaller clusters.
Splitting was also explicitly used by [11], in the cases where the layout algorithm
failed to find a suitable object placement.
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Algorithm 4: Finding next suitable position for Von Neumann
drop algorithm.
1

2
3

4
5
6
7
8
9
10
11
12
13

/* Find neighbour in Von Neumann neighbourhood of p with the
highest object density f (oi ), where oi is the next object to be
dropped.*/
max ← 0 //The highest object density ;
maxP ← null //The position of the neighbour with the highest
object density;
for each cell in Von Neumann neighbourhood of p do
if cell is empty then
s ← f (oi );
if max < s then
max ← s;
maxP ← position of cell;
end if
end if
end for
return maxP;

drop site, the neighbour with the highest object density is chosen.
If there are two or more such neighbours, then the first of these
neighbours is selected (note that the neighbours are traversed in
the order North, East, South and West). This order of selection
plays a role in the formation of the rectangularly shaped clusters.
It would be possible to choose a random neighbour, but that would
have been contrary to the attempt to form rectangularly structured
clusters.
3.2.3 The diamond drop method. In contrast to the Von Neumann and Moore drop methods, where the goal is to find a drop
position with the highest object density, the diamond method drops
a cluster in a diamond-like shape. Algorithm 5 describes the diamond drop method.
Consider an ant at position p that has to drop a cluster. For every
position p where an object o j in the cluster c i is dropped, the cells
in the Von Neumann neighbourhood of p are added at the end of a
queue. These cells then become potential drop sites for the objects
in c i . For every next object to be dropped, a cell is removed from
the front of the queue. If this cell is empty, then o j is dropped at
the position pf of the cell. Then pf becomes p and the process is
repeated until either all objects in c i is dropped or the queue is
empty (that is, the whole cluster has been dropped or no suitable
drop position is found). In the latter case, the ant continues with
the remaining part of the cluster to find another drop site.
An example output for these three different drop methods is
shown in Figure 4 for a grid size of 100x100.

3.3

Empty grid deadlock

Lumer and Faieta specify in their model that the dimensions of the
grid must exceed the number of objects on the grid by roughly an
order of magnitude. In addition, the number of objects must also
exceed the number of ants by at least an order of magnitude [7].
In CA with cell clustering, of course, the number of objects on
the grid changes constantly. Hence, it is not possible to comply
to the second condition above when implementing clusters. As
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Algorithm 5: Diamond drop method.
1
2
3
4

5
6
7
8

9
10

11
12
13
14
15

queue ← new Queue();
p ← position of ant;
while p , null and c i not empty do
aP ← positions of all objects in Von Neumann
neighbourhood of o j queue.addAll(aP);
drop object o j at p;
/*find next empty position*/ ;
while queue not empty do
p ← queue.dequeue() //remove position at head of
queue;
if cell at p is empty then
aP ← positions of all objects in Von Neumann
neighbourhood of p;
queue.addAll(aP);
break;
end if
end while
end while

Figure 4: Von Neuman, Moore and diamond drop methods.

clusters form, the situation invariably arises where the number of
ants exceed the number of objects. Eventually, the grid is left empty
of clusters, which causes the drop probability to become zero, and
the simulation ends up in a deadlock situation.
The deadlock situation can be solved by prohibiting an ant to
pick up a cluster if it is the only cluster on the grid. If there is more
than one data type (in this context, more than one colour on the
grid), then least one cluster of each type should be left on the grid.

3.4

Surrounded cluster deadlock

Consider the situation where a cluster c i with colour attribute x is
surrounded by one or more clusters with attributes that differs from
x (see Figure 5). If c i happens to be the only cluster with the colour
x then the simulation ends up in a deadlock situation. Every ant
carrying a cluster with the colour x can now never find a suitable
drop site. In turn, this prevents the simulation from sorting all the
objects into their respective clusters.
A solution is to add a counter that keeps track of the number of
time steps that no clusters are dropped. If a certain threshold value
is reached, then all the ants drop the clusters they are carrying at
their current position or a nearby available position. A position is
defined to be available if it does not contain any object. Thus an
ant would move around on the grid searching for these available
positions to drop an object. In the experiments described in the

(a) Green cluster surrounded by
blue, red and yellow clusters, and
blue cluster surrounded by green
and red clusters.

(b) Yellow cluster surrounded by
magenta cluster.

Figure 5: Surrounded clusters.

next section, a threshold value of x = w ∗ h was used, where w is
the number of rows and h the number of columns of the grid.

4

EXPERIMENTS AND RESULTS

This section evaluates the effects of using CA with clustering in the
implementation of the ant sorting model, as opposed to an implementation without clustering. Note that the ant sorting model displays an inherent clustering behaviour – for future work, one should
consider whether implementations based on clustering might not
perform well if no inherent clustering is present in the model.
Our measurements concern how well the ants sort with the clustering implementation as compared to sorting without the clustering implementation. Note that all the experiments were conducted
on a grid size of 50 × 50, ant density of 0.05 and object density of
0.25, unless otherwise stated.

4.1

Performance of clustering

In the LF-model the goal is to sort data objects in such a way that objects with similar attributes will be placed closer to each other and
objects with different attributes will be separated. Thus, the goal is
to minimize the distance between objects with similar attributes
and separate them from objects with different attributes [10]. This
translates to sorting the coloured objects in such a way that eventually these objects will form one cluster for each colour. Therefore,
we are interested in the intra-cluster distance (that is, the distance
between two clusters with similar attributes) as well as the intercluster distance (that is, the distance between two clusters with
different attributes). Our measure of success is then to minimize
the intra-cluster distance and maximize the inter-cluster distance.
Standard distance measures [10] are used and adapted where necessary.
Visually, the results of the clustering implementation seems
promising. Hence, a mathematical measure is defined to compare
the clustering results with those of the traditional CA implementation. There are a variety of possible ways to compare these results,
with the simplest being a distance measure. Therefore, the average
intra-cluster distance of both the clustering and traditional CA implementations are compared. The average inter-cluster distance is
also measured and compared.

Ant Sorting based on Cellular Automata with Clustering
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4.1.1 The distance between two clusters. The distance between
two clusters A and B are defined to be the smallest Euclidean distance found between the set of objects in A and B. The Euclidean
distance between two objects ai and b j at positions (ai x , aiy ) and
(b j x , b jy ) are calculated as follows [4]:
d (ai , b j ) =

q

(ai x − b j x ) 2 + (aiy − b jy ) 2

(4)

If A = {a 1 , a 2 , ..., am } and B = {b1 , b2 , ..., bn }, then the distance
matrix for two clusters can be defined as follows:
d (a 1 , b1 )
*. d (a , b )
2 1
DM (A, B) = ...
..
.
.
,d (am , b1 )

d (a 1 , b2 )
d (a 2 , b2 )
..
.
d (am , b2 )

···
···
..
.
···

d (a 1 , bn )
d (a 2 , bn ) +/
// .
..
//
.
d (am , bn ) -

(5)

The distance matrix DM (A, B) contains the Euclidean distances
between the sets of objects in the Cartesian product A × B. The
distance λ between two clusters is calculated by finding the smallest
value in the distance matrix DM (A, B) :
λ (A, B) = min(DM (A, B) )

(6)

4.1.2 The average distance between clusters in a given set. The
average distance λ ′(X, Y) between two sets of clusters X and Y
shows, on average, how far the clusters in set X are from the clusters
in set Y. To calculate λ ′(X, Y) , the matrix D (X×Y) is needed.
Suppose X = {X 1 , X 2 , ..., Xm } and Y = {Y1 , Y2 , ..., Yn }. Then
D (X×Y) for these two sets is obtained by calculating the distance
λ (X i ,Yj ) for all pairs of clusters in the cartesian product X × Y:
λ (X ,Y )
*. λ 1 1
(X 2,Y1 )
D (X×Y) = ...
..
.
.
,λ (Xm ,Y1 )

λ (X 1,Y2 )
λ (X 2,Y2 )
..
.
λ (X n ,Y2 )

···
···
..
.
···

λ (X 1,Yn )
λ (X 2,Yn ) +/
// .
..
//
.
λ (Xm ,Yn ) -

(a) Traditional CA implementation at time steps 0, 10000 and 100000.

(b) Clustering method at time steps 0, 10000 and 100000.

Figure 6: Configuration of objects on grid during different
time steps.
Si ∈ S from all other clusters in the set S can then be calculated.
The average intra-cluster distance for a set S would then be λ ′(S, S) .

(7)

Using the resulting matrix from Equation 7, the average distance
between X and Y are then defined as the mean of the entries in
D (X×Y) :
λ ′(X, Y) = mean(D (X×Y) ).
(8)
The average distance described above can then be used to calculate the inter- and intra-cluster distances of clusters to compare
the sorting of the traditional CA implementation with that of the
clustering implementation.
The same initial object and ant configurations have been used
for both the traditional CA and the clustering implementation.
Figure 6 shows the configuration of the objects on the grid for the
time steps 0, 10000 and 100000. For the clustering implementation
the objects have already been sorted into their respective clusters
by time step 10000.
4.1.3 Average intra-cluster distance. For this experiment the average intra-cluster distances were calculated for the five different
colours.
Given a set of clusters S = {S 1 , S 2 , ..., Sn } with similar attributes,
the matrix D (S×S) for all pairs of clusters in the cartesian product
S ×S can be calculated. The average distance ϕ (Si , S) of each cluster

Figure 7: Average intra-cluster distances for red clusters over
1000 time steps.
In Figure 7 a comparison between the traditional CA and clustering implementations are shown for the red objects (the other
colours show similar results). The goal is for intra-cluster distances
to be small, which means that similar clusters should be packed
close together, ideally forming one large cluster. In Figure 7 the
clustering implementation of the intra-cluster distance for all of
the coloured clusters is already equal to zero by ten thousand time
steps. This indicates that all objects on the grid have been sorted
into their respective clusters.
Also, the average intra-cluster distance for the traditional CA
implementation decreases slowly and by time step 100000 it is still
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quite close to the starting distance. Compared to Figure 6(a), it is
clear that the objects are being sorted into larger clusters. Note
that there are also smaller clusters scattered between these larger
clusters. This occurs as all the ants drop the current objects they
are carrying, before the clusters on the grid are measured. These
scattered objects cause the results shown in Figure 7.
4.1.4 Average inter-cluster distance. Experiments were run to
calculate the average inter-cluster distances for the five different
colours used in our implementation.
Let X = {X 1 , X 2 , ..., X n } and Y = {Y1 , Y2 , ..., Yn } be two sets of
clusters. Then the average distance between these two sets would be
λ ′(X, Y) . For our specific experiment, the set X is the set of clusters
with similar attributes and the set Y is the set of all the other
clusters on the grid.

Figure 9: Average distance between red and other coloured
clusters over time.

positions of the colours on the grid causes a noise effect in the
calculations. The difference between the clustering implementation
and the traditional CA implementation, with noise, can be clearly
seen in Figure 6.
It is therefore of interest to compare the results of the traditional
CA implementation with noise and the traditional CA without
noise.
Figure 10 shows the results of the traditional CA implementation without noise. Note that by 10000 time steps, the objects are
clustered into smaller coloured objects as opposed to the clustering
implementation where the objects are already clustered into their
respective clusters. By 100000 time steps one can see that bigger
clusters have emerged.
Figure 8: Average distance between red coloured clusters
over time.
The results for the average distance between clusters of a given
colour, and the other colours, are illustrated in Figures 8 and 9 for
the red clusters. The other colours behaved similarly. Clearly, the
clustering implementation shows smaller inter-cluster distances
than the traditional CA. It is also interesting to note in Figure 9 that
the distance stabilizes by 20000 time steps. By that time, the clustering implementation has finished sorting and no more changes
are made to the resulting cluster configurations.
4.1.5 Influence of noise on clustering measurements. Before each
clustering measurement is taken, the ants first drop all the objects
they are carrying. Because these objects are then randomly scattered on the grid, it has a significant influence on the results of the
calculations described in the previous sections. For the clustering
implementation this does not really matter, because the objects
are quickly sorted in such a way that only a few clusters are both
being carried and on the grid. However, the dropped objects have a
substantial effect on the results of the clustering calculations for the
traditional CA implementation. The highly variable and scattered

(a) Time step 0.

(b) Time step 10000.

(c) Time step 100000.

Figure 10: Configuration of objects on grid for traditional
CA implementation, without noise.
Figure 11 shows the intra-cluster distances for the traditional
CA implementation with noise and without noise. The distances,
when the noise is removed, decrease as the same coloured objects
are placed in clusters closer to each other. However, note that in the
case of magenta, at 80000 time steps the intra-cluster distance is 0,
which means that there is only one cluster of that colour on the grid,
but at 90000 time steps the intra-cluster distance is higher. This
means that even when the traditional CA implementation finds a

Ant Sorting based on Cellular Automata with Clustering

SAICSIT’18, September 2018, Port Elizabeth, South Africa

solution, the possibility exists that a cluster can be destroyed by
the ants.

Figure 12: Average inter-cluster distances for red clusters in
traditional CA implementation with and without noise.

Figure 11: Average intra-cluster distances for red and magenta clusters in traditional CA implementation with and
without noise.

Figure 12 demonstrates the inter-cluster distances for the traditional CA implementation with noise and without noise, showing
that there is little difference between the two. Note that for both
the traditional CA and clustering implementations the different
coloured clusters are separated.
From the results above, it follows that the clustering implementation performs better in sorting the objects in such a way that the
intra-cluster distances is small. In fact, the intra-cluster distances go
to zero for all clusters. When ignoring the noise in the traditional
CA implementation, the intra-cluster distances stay small, but even
after 100000 time steps it is still larger than that of the clustering
implementation. Also, for the traditional CA implementation, the
possibility exists that the clustering solution can be destroyed by

the ants, whereas for the clustering implementation it is not possible. In terms of the inter-cluster distances, both implementations
have a favourable outcome, as the clusters are clearly separated.
It is of interest to know how frequently the surrounded cluster
deadlock occurs for the three different drop methods described. The
percentage of times that the deadlock occurs over 500 test cases,
was calculated.
The results showed that surrounded cluster deadlock occurs most
often in the Von Neuman drop method (20%), slightly less in the
Moore drop method (18%), but noticeably less for the diamond drop
method (12%). This can be attributed to the fact that the diamond
drop only takes local object density into account when calculating
if a cluster should be dropped and then, subsequently, drops the
rest of the objects in the cluster around the first dropped object
regardless of the density of other objects in the neighbourhood. In
general the surrounded cluster deadlock occurs less than 20% of
the time.
Another question concerns whether the three drop methods
vary in their average sorting times. Experiments showed that the
average sorting time for all three drop methods are relatively close
to each other. It can be concluded that the drop methods do not
have any significant advantage over each other in terms of sorting
time.
Lastly, another potential difference for the three drop methods is
their inter-cluster distances. Refering back to Figure 4, it is easy to
see that the clusters in the Von Neumann and Moore drop results
are clearly separated with their inter-cluster distances greater than
zero, while the results for the diamond drop method shows the
red and blue clusters touching (that is, their inter-cluster distance
is zero). This effect occurs because, while dropping a cluster, the
diamond drop method does not use the local density function to
determine the next available location for each object to be dropped.
This is not necessarily a disadvantage, as packing clusters tightly
might be used in layout problems.
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CONCLUSION

In this article, the modified LF-model was compared with the traditional CA implementation of the LF-model in terms of the quality
of the clusters formed on the grid. The clustering implementation
shows better performance than the traditional CA implementation.
It is, however, important to note that the quality of clusters is open
to interpretation, and depends on the implementation and the goal
of such an implementation.
The clustering effects illustrated in the work are dependent on
the specifics of the dropping algorithms. For future work, we intend
to further investigate the algorithms used for the Von Neumann
and Moore drop methods, as well as other drop algorithms that can
produce more geometric forms. This includes removing some of
the current determinisms in our dropping algorithms.
A more probabilistic version of similarity can also be investigated,
where objects are not identical but are rather similar by a certain
degree.
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